The transmission-line laser model (TLLM) is an equivalent-circuit model which provides stable and explicit matrix routines for the solution of the laser rate equations. The application of TLLM method to the analysis of a vertical-cavity surface-emitting laser (VCSEL) requires certain modi cations. The theoretical basis of the model is considered, including space discretization of the inhomogeneous VCSEL cavity so that it yields the synchronization condition. The main attention is paid to the modeling of the carrier di usion phenomena in VCSEL. As an illustration of the basic capabilities of the resulting spatio-temporal matrix model a transient simulation of di usive turn-o is provided. Most notably, the degradation of the turn-o transient is observed when the top distributed Bragg re ector (DBR) is extended in the vertical direction.
Introduction
The e ective design of optoelectronic applications incorporating VCSELs requires numerical models capable of reproducing the dynamic behavior of the laser diode with a fair level of accuracy. In practice, computationally intensive two-dimensional models are usually less attractive for computer-aided design of photonic systems than more e cient one-dimensional [9] and spatially independent models [1, 2, 7] . In particular, spatially independent simulations are able to predict the di usive turn-o transient behavior of VCSELs [1] . Spatial hole burning and carrier di usion e ects often result in slow tails and secondary pulses during the turn-o transient. In turn, this may lead to super uous distortions of the bit ow and consequently higher bit error rate (BER), both of which are undesirable for optical communications.
In this work a comprehensive one-dimensional TLLM of VCSEL is presented. This equivalent-circuit model provides a clear physical interpretation of the laser's internal processes such as re ections, gain selectivity, attenuation, spontaneous emission noise, coupling, and carrier di usion. The foundations of the method are widely available in the literature, e.g. [3] [4] [5] , and the corresponding matrix algorithms have been established for a variety of semiconductor lasers and optical communication systems including the FabryPerot laser [3] , the distributed feedback laser [5] , the tapered semiconductor laser [10] etc. In particular, the two-dimensional TLLM approach has been developed for the study of VCSEL-based wavelength converter [6] . Unlike the previous studies, the approach considered herein is mainly focused on the transmission-line modeling of carrier di usion in VCSEL.
The model development stems from the VCSEL rate equations which include the carrier di usion term in the form of a Laplacian [1] . Standard expansions and transformations can remove any explicit spatial dependence, so that the resulting time domain equations are suitable for implementation in SPICE-like circuit simulators [1, 2, 7] . While these spatially independent models only consider implicit spatial dependence in the lateral direction, the TLLM presented herein also retains explicit spatial dependence in the vertical direction. The computational aspects of the resulting quasi two-dimensional TLLM are discussed. This includes time and space discretization of the VCSEL cavity (the cavity is divided into a number of sections, each containing scattering node), introduction of the connecting relationships at the node interfaces, and derivation of the recursion relations for the carrier population. Section 2 brie y provides the details of the VCSEL rate equation model, Section 3 is dedicated to the necessary modi cations to the TLLM algorithm, Section 4 illustrates the capabilities of the model with the sample simulation of the turn-o transient, and nally, conclusions are summarized in Section 5.
Model description. Rate equations
Consider the rate equations which describe the evolution of the electron and photon populations, N and S respectively [1] ,
In these equations N tr denotes the electron transparency number, G is the modal gain coe cient, S is the magnitude of the photon distribution, ϵ is the gain saturation, η i is the internal quantum e ciency, τn and τs are electron and photon lifetimes, β is the spontaneous emission coupling coe cient, q is the electric charge, L e is the e ective electron di usion length, and I is the injection current. Following the common representation for the electron and photon densities [1] we write
where R denotes the radius of the active region, σ i is the i th root of the rst-order Bessel function J , and S is the magnitude of the photon distribution ψ(r). First-order approximation provides the one-dimensional formulation of the problem (1)-(3)
where
In the above formulation h = (σ L e /R) , and coe cients h i are integral characteristics determined from the longitudinal mode pro le ψ(r) [1] . Equations (6)- (10) thus establish the foundation for the development of the one-dimensional transmission-line VCSEL model.
Transmission-line VCSEL model
A typical VCSEL consists of two high-re ective DBR separated with a Fabry-Perot type inner cavity with an optical thickness that is an integer multiple of the wavelength λ. With a positive integer m and the spatially averaged refractive index n , the resonance condition for the emission wavelength reads [8] 
where L denotes the inner cavity length. The synchronization condition, the main requirement of the TLM method, implies that the pulses travel along the cavity of the length L with a constant velocity vg,
so that in terms of optical lengthL = n L and assuming negligible dispersion
Taking into account the Bragg condition for the DBR mirrors to re ect particular wavelength λ,
and the fact that the inner cavity has the optical thickness of integer number of wavelengths λ the obvious and convenient discretization of the whole VCSEL structure is in terms of the optical length. Namely, the total VCSEL cavity can be subdivided into segments of optical length λ/ . Each layer of the DBR mirror is thus represented by a single section of optical length λ/ , and the number of sections of the inner active cavity can be estimated as four times the number of optical wavelengths. In this case the synchronization condition (13) can be reformulated as follows Furthermore, each DBR layer can be modeled as the corresponding lossless transmission line, while the inner cavity sections can be represented by the scattering nodes following the approach developed by Lowery [3, 4] . The latter includes the gain selective mechanism (Lorentzian curve lter) and the spontaneous emission model. The TLM algorithm is based on two main processes: scattering and connection. The corresponding scattering and interface matrices are discussed in the following.
. Photon population equation
Both the equivalent circuit and the corresponding scattering matrix M for the photon population equation (8) are provided in [4] , and these establish the relationship between the incident and re ected voltage pulses,
Here 
where n is the average refractive index of the active area, Zp ≈ π n /ne is the wave impedance, h is the Planck's constant and V act is the volume of the active area, ne is the e ective refractive index.
The matrix (17) is identical for both forward and backward propagating waves, the connection relations for the capacitive and inductive stubs are accordingly,
.
Carrier rate equations
At each time step the knowledge of the electron population N and its correction term N are required. The electron rate equations for the leading order term N , and for the correction term N , (6) and (7) respectively, can be solved using equivalent circuits method (Fig.1 ). Equation (6) can be represented in the form of capacitive stub ( Fig.1 top) , so that the equivalent-circuit equation reads 
Finally, noting that Zc = ∆t/ C = ∆t/ and ∆t = /fsamp and using the original variables one arrives at
The connection relation for the capacitor stub can be stated as k+ V i C = k V r C , where the subscript k denotes the iteration step.
In a similar manner one arrives at the recursive relationship for the second carrier rate equation (7) for the correction term N . Following the equivalent circuit on Fig.1 (bottom) , where it is now denoted I stim = g S , Rs = τn and R d = τn/h, one obtains
The connecting relations for both capacitive stubs are, respectively,
Finally, the algorithm requires the connecting relationships for the adjacent sections. Schematically, a single section of the inner cavity can be represented as shown on Fig.2 . Obviously, the re ected pulses at time step k become incident at time step k + , so that
for forward V F and backward V B traveling pulses. 
where the attenuation due to the spontaneous emission α is negligible (close to unity) in most cases. The scattering at the interfaces of the adjacent DBR layers can be represented by a connection matrix [9] V F (n + )
At the facets, the pulses are re ected in the opposite direction due to the refractive index mismatch at the substrate (air) interfaces. The boundary conditions at the left (section 1) and right end (section S) sections are thus prescribed as follows, where R and R are the power re ectivities. Finally, the output optical power is de ned in terms of the re ected voltage pulse at the corresponding end facet,
where R act denotes the radius of the active area.
Results
The TLLM algorithm is implemented using the parameters of a 850nm VCSEL provided in Table 1 . The transient response to a step current pulse is simulated with low and high injection current levels of 0.12mA and 5.0mA. The low level is approximately % of the threshold current. The pulse turn on time is 1ns and its width is 4ns. The simulation results for the output power and its spectrum are presented on Fig.3 . The laser output power is ltered to avoid rapid optical-scale oscillations. Secondary and tertiary pulses are clearly visible. In order to investigate the e ect of mirror design on the turn-o transient the top DBR mirror is extended in the vertical direction by appending another 5 periods (10 layers). The same lateral photon distribution is assumed. In the latter case the secondary pulse peak is approximately 25% lower compared to the case of shorter DBR, whereas the tertiary pulse dissapears. For the third case, we increase the number of top DBR periods substantially up to 60 periods (120 layers). In this case only one pulse is observed. The arrival time of the pulse is close to that of tertiary pulse of case a). Thus, the evolution of the di usion turn-o transient depends on DBR length and its spectral re ectivity.
The total number of iterations for 10ns simulation is approximately 1.4×10 . The average computational time is approximately 25 minutes per 1ns of laser output, provided the algorithm is implemented using MAT-LAB on a PC with Intel(R)Core(TM) i7-2600K CPU at 3.46GHz. Signi cant computational time reduction can be expected in the case of C or Fortran programming language implementation, due to the compiled nature of these languages.
Conclusion
The quasi two-dimensional TLLM of VCSEL which is able to predict temporal and spectral characteristics of the VCSEL output power is developed in terms of microwave circuit theory. The main focus is on the modeling of lateral carrier di usion, and consequently, simulation of the turn-o transient known to be caused by lateral carrier di usion and spatial hole burning. Unlike various spatially independent VCSEL models devel- oped for the simulation of secondary pulsations, the presented TLLM takes into account the details of vertical structure of the VCSEL such as the length of the inner cavity and the properties of the top and bottom DBR's. Moreover, as a typical TLLM, the presented model features gain selectivity and spontaneous emission noise. The question arises as to what extent the variation in vertical structure may potentially a ect the secondary pulsation response assuming the same LP mode pro le ψ(r). The simulations obtained for several di erent numbers of top DBR periods indicate that the strength and con guration of the turn-o transient response indeed depends on the vertical structure of the VCSEL cavity. Most notably, it is demonstrated that the turn-o transient pulse has a tendency to degrade when the DBR is extended. In future work the model can be easily modi ed to include dynamic wavelength chirp and thermal e ects.
